Transgressive loop group extensions 


Konrad Waldorf 



Abstract 

A central extension of the loop group of a Lie group is called transgressive, if it corresponds 
under transgression to a degree four class in the cohomology of the classifying space of the Lie 
group. Transgressive loop group extensions are those that can be explored by hnite-dimensional, 
higher-categorical geometry over the Lie group. We show how transgressive central extensions 
can be characterized in a loop-group theoretical way, in terms of loop fusion and thin homotopy 
equivariance. 
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1 Introduction 

The present article is about a Lie group G, its loop group LG := C°°{S^,G) and central extensions 

1 ^ U(l) LG ^ 1 

in the category of Frechet Lie groups. Some central extensions C can be obtained from structure over G 
called multiplicative bundle gerbe with connection via a procedure called transgression. These central 
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extensions are called transgressive. In the case of G compact, transgression induces a map 


h4(bg,z) 


Isomorphism classes of 
central extensions of LG 


and a central extension is transgressive if and only if it is in the image of that map. An example 
of a transgressive central extension is the universal central extension of the loop group of a compact 
simply-connected Lie group G: it corresponds to a generator of H^(i3G,Z) = Z. 

The goal of this article is to characterize transgressive central extensions for arbitrary connected 
Lie groups in purely loop group-theoretic terms. For this purpose we consider two relations on LG: 


1. thin homotopy: a homotopy between two loops is called thin, if its differential has nowhere full 
rank; these are homotopies that sweep out a surface of zero area. 

2. loop fusion: it relates two loops that share a common line segment to a new loop with that 
segment deleted. 


We introduce the notion of a thin fusion extension: a central extension 

1 ^ U(l) ^ ^ LG ^ 1 

in which both relations are lifted in a consistent way to C. Thin fusion extensions form a subclass 
of central extensions of LG with several interesting properties. For example, we show that they are 
disjoint-commutative: ifpi,p 2 G £ project to loops supported on disjoint subintervals of then they 
commute, pi ■ P2 = P2 ■ Pi- 

The main results of this paper are summarized in the following main theorem. 


Theorem A. Let G be a connected Lie group. A central extension £ of LG is transgressive if and 
only if it can be equipped with the structure of a thin fusion extension. Moreover, transgression is a 
group isomorphism 

Isomorphism classes »/ I f Isomorphism classes 
multiplicative bundle gerbes f ~ ^ fusion 

over G that admit connections ) K. extensions of LG 

If G is compact, both groups are isomorphic to H^(i3G, Z). 



As a consequence of Theorem El we obtain that transgressive central extensions are disjoint-com¬ 
mutative; this provides an accessible necessary condition for the transgressivity of a central extension. 

The present work is a contribution to the programme of exploring the geometry of loop groups via 
finite-dimensional, higher geometry over Lie groups. Our main theorem determines the class of central 
extensions of loop groups that are accessible by such methods: thin fusion extensions. 


Transgression of gerbes has first been defined by Gaw§dzki in relation with two-dimensional confor¬ 
mal field theories [Oaw88) , and then by Brylinski and McLaughlin in the setting of sheaves of groupoids 
Bry93 IBM94] . The multiplicative bundle gerbes we use here have been introduced by Carey et al. in 


CJM+OS] , and transgression of those has been developed in [WallO] . 


The question which central extensions are transgressive has been studied before by Brylinski and 
McLaughlin |BM94l[BM96] . For connected semisimple complex Lie groups, they obtained a character¬ 
ization in terms of the so-called Segal-Witten reciprocity law. In [BM94) it is incorrectly stated |Bry| 




















that this reciprocity law also holds for non-complex Lie groups. Indeed, we provide a counterexample 
to that statement and prove that only a weaker version of the reciprocity law holds for transgressive 
central extensions of general Lie groups. We also provide an example of a central extension that is not 
transgressive and yet satisfies this weaker version of the reciprocity law. We come to the conclusion 
that no version of the reciprocity law appropriately characterizes transgressive central extensions of ge¬ 
neral Lie groups. It was the main motivation for writing this article to attack the open characterization 
problem from a different angle, namely via fusion and thin homotopy equivariance. 

The results of this article are based on previous work on transgression [Wall2bl IWalbl I Wall 2c) . A 
summary of these three papers on only three pages can be found in [Wall2cl Section 1]. The main 
result is that transgression for general smooth manifolds X establishes an equivalence between various 
categories of gerbes over X and corresponding categories of S'^-bundles over the free loop space LX, 
equipped with structure rendering them compatible with fusion and thin homotopy. The present paper 
can be seen as an extension of these results to a multiplicative setting. 

The organization of the present paper is as follows. In Section [2] we introduce the basic dehnitions 
of fusion and thin homotopy equivariance in loop group extensions. In Section[3]we provide a list of fea¬ 
tures that follow from the presence of these structures, among them disjoint-commutativity (Theorem 
13.3.11) . In Section |4] we formulate an integrability condition for thin homotopy equivariant structures 
on which our notion of thin fusion extensions is based (Definition 14.7|) . In Section [5] we discuss mul¬ 
tiplicative bundle gerbes and their transgression, and introduce our definition of transgressive central 
extensions (Definition 15.2.11) . Then we give a proof of Theorem lAl (split into Proposition 15.2.21 and 
Corollaries 15.3.21 TS. 3. 41) . In Section | 6 ] we prove our weaker version of the Segal-Witten reciprocity law 
(Theorem 16.31) and provide the two examples that indicate the above-mentioned problems (Examples 
16.61 and l6.7|) . 

Throughout the paper, we continuously look at two classes of examples: an explicit model of the 
universal central extension of the loop group of a compact simply-connected Lie group, and various 
central extensions of LU(1), of which some turn out to be transgressive and others not. For the 
convenience of the reader we include on Page|35]a table summarizing some terminology we use in this 
paper. 

Acknowledgements. This work is supported by the DFG network “String Geometry” (project code 
594335). 

2 Fusion and thin homotopy equivariance over loop groups 

In this section G is a Lie group and 

1 ^ U(l) —^C^LG^l 

is a central extension of Frechet Lie groups |PS 86 ) . We introduce structures on C that lift loop fusion 
and thin homotopy, and discuss the interplay between them. 

By PG we denote the set of paths 7 : [0,1] —^ G with sitting instants, i.e. they are constant near 
the endpoints. PG is not a Frechet manifold, but can be treated as a diffeological space. Instead of 
charts, a diffeological space X has plots: maps c : U —^ X defined on open subsets U C R", for all 
n £ N, satisfying three natural axioms, see e.g. |IZ13] . In case of PG, a map c : U —^ PG is a plot 
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if and only if [/ x [0,1] —^ G: {x,t) I—^ c{x){t) is smooth[i] 

We remark that Frechet manifolds embed fully faithfully into diffeological spaces |Los92] . Thus, 
every Frechet manifold can be regarded as a diffeological space (the plots are are just all smooth maps), 
and a map between two Frechet manifolds is smooth in the Frechet sense if and only if it is smooth in 
the diffeological sense. 

We denote by the /c-fold fibre product of PG over the evaluation map 

ev: PG ^ G X G: 7 (7(0),7(1)), 

i.e. PG^^l consists of fc-tuples of paths all sharing a common initial point and a common end point. 
Due to the sitting instants, we have a well-dehned smooth map 

U: PG^^' ^ LG: (71,72) 1 -^ 72 * 7 i: 

where * denotes the path concatenation, and 7 denotes the reversed path. The set PG^^^ is the 
modelling space for loop fusion: if ( 71 , 72 , 73 ) G PG^^l, then we have the two loops T 12 := 71 U 72 and 
X 23 ■= 72 U 73 which have the common segment 72 . Its deletion gives the new loop ri 3 := 71 U 73 . Loop 
fusion is multiplicative and strictly associative. 

Definition 2.1. 

(a) A fusion product on C is a smooth bundle morphism 

A : prt2 U* £ 0 pr^g U* £ ^ prjg U* £ 
over PG^^l that is associative in the sense that 

A(A(pi2 0 P23) ® P34) = A(pi2 0 A(p 23 ® P34)) 
for allpij G £ 7 ^ 07 ,- and all (71,72,73,74) G PG^. 

(b) A fusion product A is called multiplicative if 

A(pi2 ® P23) ' ^{p'i2 ® p'23) ~ ^{Pi2P'i2 ^ P23P23) 
for all elements pij G £ 7 , 07 ^, p'ij G £ 7 ,U 7 ' and all (71,72,73), ( 7 i, 72 > 73 ) G PG^^l. 

Here pr^ : PG^^l —^ PG^^l is the projection to the indexed factors, and £r denotes the fibre of 
£ over a loop r G LG. If C is another central extension equipped with a fusion product A', then an 
isomorphism (/? : £ —^ £' is called fusion-preserving, if (/?(A(pi 2 0 P 23 )) = A'((/?(pi 2 ) 0 p(p 23 )) for all 
elements pij G £ 7 ^ 07 ^ and all (71,72,73) G PGt^l 

A homotopy between loops is the same thing as a path in the loop space: if 7 : [0,1] —^ LG is a 
path, then 

h^ : [0,1] X ^ G : (t, z) l{t){z) 

is the corresponding homotopy. The rank of h can at most be two. If it is less than two we call the 
path 7 and the homotopy thin. A path 7 is thin if and only if /i*a; = 0 for all 2-forms cu G 
this leads to the saying that thin homotopies “sweep out a surface of zero area”. 

referee suggested to use paths all of whose higher derivatives vanish at the end-points, as opposed to sitting 
instants, as this would simplify some of the arguments in Sections 13.21 and 13.31 In order to stay consistent with my other 
papers |Wall2bl IWalbl IWall2c| . on which Sections [4| and [5] rely on, I have decided to stick to sitting instants. 


4 









We denote by C LG x LG the diffeological space consisting of pairs (ti ,T 2 ) of thin homotopic 

loops, i.e. there exists a hoinotopy h : [0,1] x 5”^ —^ G of rank one. The plots are smooth maps 
c : Lf —^ such that locally the thin homotopies can be chosen in smooth families, see [Wall2c[ 

Section 3.1]. 

Definition 2.2. 

(a) A thin homotopy equivariant structure on C is a smooth bundle isomorphism 

d : pr]]£ —^ pr^^ 

over LG'f^.^ that satisfies the cocycle condition dr 2 ,T 3 o c?ri,T 2 = ^ri.Ta for any triple {ti,T 2 ,T 3 ) of 
thin homotopic loops. 

(h) A thin homotopy equivariant structure d is called multiplicative if 

^’■o 7 o,Ti 7 i' d) — d,To,Ti{p) ' <^70,71(9) 
for all ((to, 7 o), (ri, 7 i)) S L{G x and all p £ Crg, q£ C^o- 

Note that ((ro, 7 o), (n, 7 i)) S L{G x G)^,^.^ means that there exists a thin path (r, 7 ) in L{G x G) 
connecting (to, 7 o) with (ri, 7 i). It is necessary, but not sufficient, that the paths t, 7 , and in LG 
are separately thin. 

If C' is another central extension equipped with a thin homotopy equivariant structure d\ then an 
isomorphism ip : C —^ C is called thin if ip{dra,Ti{p)) = '^ro.ri(‘P(p))- 

A thin homotopy equivariant structure d induces an equivariant structure on C for the ac¬ 
tion of the group Diff^^S^) of orientation-preserving diffeomorphisms of the circle on LG by pre¬ 
composition. Indeed, suppose ip is an orientation-preserving diffeomorphism, r £ LG and p £ Cr- 
Since 'Diff'^{S^) is connected, there exists a path pt £ TAff'^{S^) with po = idsi and pi = p. The map 
7 : [0,1] —LG : t 1 —s- t o pt is a thin path; in particular, r and t o p are thin homotopic. We define 

P * P .- dT^TOipi^p') £ dl.TOip. (^■^) 

Lemma 2.3. Formula i2.1\) defines a smooth action ofT^jf~^{S^) on C. If d is multiplicative, it is an 
action by group homomorphisms and acts trivially on the central subgroup of C. 

Proof. That it is an action follows from the cocycle condition for d. It is smooth because c? is a smooth 
bundle isomorphism over LGf,,-^. If d is multiplicative, we compute for pi £ and p 2 £ 

{P 1 P 2 ) ' P ^riT2,(rir2)o;^(PlI^2) ^rir2,(ri0(/p)(r2 0c^) dr.^ ,TiOtp{Pl)dr2 ,r20(p{P2) - 

The restriction of the Viff'^{S^)-a,ction on LG to constant loops is trivial. So if p S £ projects to a 
constant loop, we have p • p = p. In particular, 'Diff'^{S^) acts trivially on U(l). □ 

Definition 2.4. Suppose C is equipped with a fusion product X and a thin homotopy equivariant 
structure d. 
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(a) We say that d is compatible with \, if for all paths (71,72,73) & P{PG^^^) such that the three paths 
t I—s- (t) u 7j (t) G LG are thin, the diagram 


-7i(0)U72(0) 


-72(0)U73(0) 


-7i(0)U73(0) 


-7i(1)U72(1) ® ■^72(1)U73(1) 


-7i(1)U73(1) 


is commutative. 

(b) We say that d symmetrizes A if for all (71,72,73) G and all p G C.y^U'Y2 p' G i3^2U73 

<^ 7 iU 73 , 7 ; 5 'U 7 r(A(p ® pf) = A((i^ 2 U 73 , 73 U 72 (p ) ® ^ 7 iU 72 , 72 U 7 r(p))- 


(c) We say that d is fusive with respect to if it is compatible and symmetrizing, 

For we remark that if G Viff~^{S^) denotes the rotation by an angle of tt , then (71 U 7^) o = 
(^ U ^); in particular, 7^ U 7^- and ^ U ^ are thin homotopic. 


Example 2 . 5 . Suppose P is a principal U(l)-bundle over G x G with connection, such that there 
exists a connection-preserving isomorphism 


^ 91,92 ® ^ 9192,93 


— ^92,93 ® ^91,9293 


( 2 . 2 ) 


over G X G X G. The subscript notation is that, for instance, Pgig2.g3 is the pullback of P along the 
map (51,92,53) I—^ (5152,53)- The holonomy of P is a smooth map 5 : LG x LG —9- U(l) such that 

5(n'r2,r3) • 5(ri,r2) = v{ti,T 2T3) ■ r]{T2,T3) 


for all ri,T2,T3 G LG. Thus, 5 is a 2 -cocycle in the smooth group cohomology of LG. It defines a 
group structure on Cp := U(l) x LG via (zi,ri) • [z2,T2) '= (zi225('ri, T2),rir2), making Cp a central 
extension of LG. As the holonomy of a bundle, 5 is a fusion map in the sense of |Wall 2 b| . i.e. it 
satisfies 

5(71 U 73 , 7 i U73) = '^(71 U 72 , 7 ^ U72) ■ ^7(72 U 73,72 U 73). 
for all (71,72,73), (71,72,73) S PG^^l. This is equivalent to the statement that the trivial fusion 
product A((zi2,7i U 72) ® (2:23,72 U73)) := (-2:12-2:23,71 U 73) is multiplicative. Likewise, we have the 
trivial thin homotopy equivariant structure d(z,To) := {z,ti) for each (To,ri) G LGf,,-„. It is fusive 
with respect to the trivial fusion product, and it is multiplicative with respect to the group structure 
defined by 5 because the holonomy of a connection only depends on the thin homotopy class of a loop. 

As a concrete example of this construction, one can take G = U(l) and P the Poincare bundle 
over T := U(l) x U(l), equipped with its canonical connection. In differential cohomology, P G ff^{T) 
is the cup product of the two projections pr3,pr2 : T —^ U(l) regarded as elements in H^{T). This 
implies that the Poincare bundle has an isomorphism ( 12 . 2 |) . Its holonomy can be described in the 
following way. If r G PU( 1 ), let n G Z be the winding number of r. One can find a smooth map 
/ : R —^ R such that f{t -f 1 ) = f{t) + n and r = For r = (n, T2) G LT, we get 

v{ri,T2) = Holp(r) = exp 27 ri ^ni/2(0) - J /i(s)/2(s)ds^ . 

Using this formula, we obtain a central extension of PU( 1 ), equipped with a multiplicative fusion 
product and a multiplicative and fusive thin homotopy equivariant structure. 
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Example 2.6. Let G be a compact, simple, connected, simply-connected Lie group, so that LG has a 
universal central extension |PS86] . It can be realized by the following model of Mickelsson |Mic87] . We 
consider pairs (0, z) where (f>: —s- G is a smooth map that is radially constant near the boundary, 

and z € U(l). We impose the following equivalence relation: 

(0, z) - (0', z') d(j) = d(l>' and z = z' ■ 


Here, d(f> S LG denotes the restriction of (f) to the boundary, and : S'^ —^ G is the map dehned 
on the northern hemisphere by (j) (with the orientation-preserving identification) and on the southern 
hemisphere by (j)' (with the orientation-reversing identification). The symbol Swz stands for the Wess- 
Zumino term defined as follows. Because G is 2-connected, the map $ can be extended to a smooth 
map $: ^ G defined on the solid ball. Then, 

5'wz($) := / with H := I {9 A[e AO]) £ fl^{G). (2.3) 

Jd^ 6 

Here, 0 £ H^(G, g) is the left-invariant Maurer-Cartan from on G. The bilinear form (—, —) is normal¬ 
ized such that the closed 3-form H represents a generator H^(G,Z) = Z. Now, the total space of the 
principal U(l)-bundle Cg is the set of equivalence classes of pairs (<(), z). The bundle projection sends 
((/), z) to dcj) £ LG, and the U(l)-action is given by multiplication in the U(l)-component. The group 
structure on Cg turning it into a central extension is given by the Mickelsson product |Mic87| : 

Cg'x Cg Cg'- ((<^i,zi), ((> 2 ,^ 2 )) 1 -^ {(t)ih,ziZ 2 •exp27ri J ^{(j)i,cj) 2 )* p^), 


where p is defined by 

p:=i(prt0Apr*0)eH2(GxG). (2.4) 

The two differential forms H and p satisfy the identities 


AiL Hg^ + ^92 ~ 

Ap := Pgi,g2 + Pgig2,g3 ~ Pg2,g3 ~ Pgi,g2g3 ~ 0- 


(2.5) 

( 2 . 6 ) 


for all 5 i, 52 i 53 C G, where the subscripts are meant so that Pgiga.ga is the pullback of p along the map 
(gi, 92 , 93 ) I—^ ( 9192 , 93 )- Eq. (12.5|) assures that the Mickelsson product is well-defined on equivalence 
classes, and (EH) implies its associativity. 

A fusion product on Cg is defined as follows. For ( 71 , 72 , 73 ) £ PG^^\ we define 

'^71,72,73 ■ AGI 71 U 72 ®'^g|72U73 ^ -^0171073 (0 7 ] 

(4'12,Zi2) (4>23,Z23) 1“^ ('('13 , ^12^23 ' ), 

where (f>i 3 : — 5 - G is an arbitrarily chosen smooth map with d(j>i 3 = 71 U 73 , and : 5^ — 5 - G 

is obtained by trisecting along the longitudes 0 , ^ and and prescribing on each sector 
with the maps <(> 12 , 4>23 (with orientation-preserving identification) and <(>13 (with orientation-reversing 
identification), respectively, see Figure [TJ That (12.71) is independent of the choice of (pis follows from 
the identity S'wz('I') = S'wz('I")5'wz(‘hi3) for Wess-Zumino terms, where is obtained as described 
above but using a different map <(>(3 instead of and $13 is obtained in the way described earlier 
from (pi 3 and Definition (12.7|) is also well-defined under the equivalence relation ^ due to a 

similar identity for Wess-Zumino terms. Associativity follows from reparameterization invariance of 
the integral, and multiplicativity follows from the Polyakov-Wiegmann formula 


g27riSwz(‘I’l) . g27riSwz(‘I’2) _ g27riSwz('J>l‘3>2) 


exp 27ri 



( 2 . 8 ) 
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Figure 1: Front and back view to the map in the definition of the fusion 
product over a triple ( 71 , 72 , 73 ) G with common initial point g and 

common end point h. 


which in turn follows from (12.61) . 

A thin homotopy equivariant structure d is defined as follows. Suppose ( 70 , 71 ) G Then, 

'^ 70.71 : ^g| 7 i : ('('0,^0) 1-^ ((^1,2:0 

where ( j )! ■ ^ G is an arbitrarily chosen smooth map with d 4 >i = 71, and $.y : ^ G is 

the following map. On the polar caps C we prescribe $ with (j)o (around the north pole 
with orientation-reversing identification) and </>! (around the south pole with orientation-preserving 
identification), and on the remaining cylinder Z = [0,1] x by the homotopy hj of a thin path 
7 : [0,1] — ^ LG with 70 = 7 ( 0 ) and 71 = 7 ( 1 ). A different choice of (pi gives an equivalent result. 
If another thin path 7' is chosen, then the two paths constitute a rank one loop in LG, i.e. a map 
^ X ^ G of rank one, and we have to prove that 5'wz(‘b) = 0. This follows as a special case 
of [Walbi Prop. 3.3.1]. In the next paragraphs we give an independent argument for the vanishing of 
Wess-Zumino terms for maps d> : S —^ G of rank one, mapping a compact oriented surface E to a 
connected, simple, simply-connected compact Lie group G. 

Let T be a maximal torus of G, t its Lie algebra, and 2t C t a closed Weyl alcove, a simplex with 
vertices 0 = /rp, ...,/rr, where r is the rank of G. We let Fp C 21 denote the closed face spanned by 
{/ii,..., Hr}, Sip := 21 \ Fp its complement, and 

U := {hexp^h~^ \ h G G and ^ G 2lo} 

the corresponding open subset of G, which deformation retracts to 1 G G, see [Mei021 Lemma 5.1]. We 
show below that there exists 5 G G such that the left-translated map 3>g : E —^ G, $g(x) := g<I>(x), 
has its image contained in U. Due to the left-invariance of H, we have 5wz(‘l’) = S'wz(d>g). By 
composition with the deformation retract one obtains a rank-two map : D — 9 - U defined on a 
3-dimensional manifold D with dD = E, such that ^gls = ‘hg- Thus, 

5'wz(‘b) = 5'wz(d>g) = [ $giL = 0. 

J D 

Next we prove the existence of an appropriate left translating element g. 

Recall that g G G is called regular if the conjugacy class of g has maximal dimension. For the 
class of Lie groups under consideration, an element is regular if and only if it is conjugate to exp^ 
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for ^ in the interior of 2t. In particular, the open subset of regular elements is contained in U. 
We define Q := G \ U, and obtain Q C G \ G’’®®. The set G \ G''®® is the disjoint union of finitely 
many submanifolds of G of codimension > 2 |DK00[ Page 137 Item (g)]. Let Qa be one of these 
submanifolds. We consider the family g I—^ of left translates, which, as a map G x E —^ G, is 
a submersion and hence transverse to Qa ■ By the parametric transversality theorem Chp. 3, 

Thm. 2.7] the set Ga ■= {g & G \ is transverse to Qa} is residual. But for dimensional reasons, 
a rank one map can only be transverse to a submanifold of codimension > 2 if its image does not 
intersect Qa, i-e. Ga = {g & G \ ‘I’g(E) n Qa = 0}- The intersection of finitely many residual sets is 
residual, in particular non-empty. Thus, there exists g € G such that d>g(E) does not intersect any of 
the submanifolds Qa, i.e. $g(E) C U. This finishes the proof that 5'wz(‘f’) = 0. 

By now we have shown that the thin homotopy equivariant structure d on Cq is well- 
defined as a bundle isomorphism over LGf^.^. The cocycle condition follows from the identity 
>S'wz(‘h 72 ) + 5 'wz(‘h 7 i) = 5'wz(‘f’ 72 * 71 ); if at 7 i(l) = 72 ( 0 ) the same extension (j) : D'^ —^ G is chosen. 
Multiplicativity follows because in the Polyakov-Wiegmann formula (12.811 the error term vanishes, as 
the integral of the 2-form p along a thin path ( 7 ,t) through L(G x G) gives zero. Compatibility with 
the fusion product A can be seen by inspection of the occurring integrals. Finally, let us check in some 
more detail that d symmetrizes A. For ( 71 , 72 , 73 ) S PG^^\ let <^ 12 , <(> 23 , <(>13 : D'^ —^ G such that 
A(((/)i 2,1) <8) (<))23,1)) = (?!'13,1) holds. This means that = 1, with 'k : ^ G defined as 

shown in Figure [T] We have to check that 

A((023, 1) • (g) {(1)12,1) ■ r,i) = (<^ 13 ,1) • r^, (2.9) 

where € 'IXff^{S^) is the rotation by an angle of tt. The definition of the thin homotopy equivariant 
structure implies (</>, z) ■ = (</) o r 7 r,z), where on the right hand side r.^. is extended to a rotation 

of D^. In order to check (EH) we have to form the map 4'' : ^ G using (j )23 o r^n-, (j)i 2 o and 

(/)13 of-jr. By inspection, dl' = dt or^n-, where now is extended to a rotation of about the front-back 
axis, compare Figures [T] and [2j Thus, = 1 and (12.91) holds. 




Figure 2: Front and back view to the map dl' defined as in Figure [T] but 
using the maps 023o?’7r, </(’i 2 0 ?' 7 r and instead of (j 3 i 2 , ({>23 and (j)i 3 . The 

pictures are precisely the ones of Figure [1] rotated by an angle of tt around 
the axis that intersects at the two marked points. 
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3 Features of fusion and thin homotopy equivariance 


In this section we derive some consequences of the presence of a fusion product and a thin homotopy 
equivariant structure on a central extension. In particular, all results of this section hold for thin fusion 
extensions, and thus, by our main theorem, for transgressive central extensions. 

3.1 Flat loops and retraction 

Loops in the image of the map b : PG —^ LG : 7 I—5^ 7 U 7 are called flat loops. Note that b is a 
group homomorphism and that every constant loop is flat. Suppose (/) is a smoothing map, i.e. it is 
a smooth map (j) : [0,1] —^ [0,1] with = 0 and ^(1) = 1, locally constant in a neighborhood of 
{ 0 , 1 }, and smoothly homotopic to id[07]. Path retraction is the map 

[ 0 , 1 ] X PG ^ PG : (t,-f) (j)flt) 

defined by (j)j{t){s) := 'y{t(j){s)); </> is necessary to guarantee that (l)-y{t) has sitting instants. Clearly, 
t I—^ \>{(j)j{t)) is a thin path in LG; in particular, for every t € [ 0 , 1 ], \>{(j)j{t)) is thin homotopic to 
b(7 o 0), which is in turn thin homotopic to b(7). 

Proposition 3.1.1. Suppose C is a central extension of LG equipped with a multiplicative fusion 
product X and a fusive thin homotopy equivariant structure d. Then, there exists a unique section 
PG —s- C ; 7 I—s- 1.^ along b such that A(l-),, l..y) = 1 .^. It has the following properties: 

(i) It is neutral with respect to fusion, i.e. X{p ® = p = A(l^j ® p) for all p G £.yjU 72 - 

(ii) It is a group homomorphism, i.e. • l -),2 = 17172 - 

(Hi) It is retraction-invariant, i.e. = d|,(.y)_b(0.^(t))(l7) for all t G [ 0 , 1 ]. 

Proof. Two sections s, s' : PG —^ C differ by a smooth map a : PG —^ U(l), i.e., s' = as. If the 
sections satisfy A(s,s) = s and X(s',s') = s', we get = a and so s = s'. For the existence, we 
notice that pulling back A along the diagonal map PG —^ PG^^^ shows that b*£ is trivializable. Let 
s : PG —^ £ be any section. Then, there exists a unique smooth map a : PG —^ U(l) such that 
A(s ® s) = s ■ a. Hence, 1-^ := 5 ( 7 ) • 0 ( 7 ) has the desired property. 

For (i) we have A(l-yi ® p) = A(A(l.^i (8> l-yj (8 p) = A(l-yi ® A(l-yi ®p)) using the associativity of 
the fusion product, and since A(l.yi (8> —) is an isomorphism, we get p = A(l.yi ®p). Analogously we 
show neutrality from the right. For (ii) we have 

•^((171 ' I72) ® (I71 ■ I72)) “ -^(171 ® I71) ■ -^(172 ® I72) “ I71 ' I72 

using the multiplicativity of the fusion product; the uniqueness of the section then shows that l.yi • 
I72 = 17172- For (hi) we compute with the compatibility of Definition 12.41 (jaj) 

A((i|,(.y)^|)(0.^(t)) (I7) 0 '^b( 7 ),b( 0 .y(t)) (I7)) “ ^b(7),b((>.i(t)) (A(l7 0 I7)) = *^b(7),b((>.i(t)) (I7); 

from which the claim follows again from the uniqueness of the section. □ 

In particular, the restriction of C to flat loops is canonically trivializable as a central extension of 
PG by U(l). 
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3.2 Loop concatenation 


Let £ be a central extension of LG equipped with a fusion product. We start with the prototypical 
situation for loop concatenation: let 71,72 £ PG be closed, i.e. loops with sitting instants. We have 
{71, id, 72) € . The concatenated loop is 71 U 72. If pi € uid and p2 € £idU72 j then 

Mpi ®P2) G ■^7iU72 i 

this lifts loop concatenation from LG to £. In the following we use a fusive thin homotopy equivariant 
structure in order to generalize to arbitrary loops that admit concatenation (not necessarily with sitting 
instants). 

We denote by LG Xq LG the subset of LG x LG consisting of pairs (n, r2) such that ri(l) = T2(1) 
and the concatenation T2*ti is again a smooth loop. Thus, we have a well-defined map 


con : LG Xq LG —9- LG : (ti,T2) I— 5^ T2 *ti. 


If we equip LG Xq LG C LG x LG with the subspace diffeology (i.e. a map c : Lf —^ LG Xq LG is 
a plot if and only if its extension to LG x LG is smooth), then con is smooth. Further, con is a group 
homomorphism. 

We fix a smoothing map (j) and construct new smooth maps 4 >ii 4>2 '■ [ 0 , 1 ] —^ [ 0 , 1 ] by setting: 


:= 


0 

(j){ 2 t - 1) 


0<f<i 

\<t<l 


and 


^2(t) := 



Q<t<\ 


These cover well-defined smooth maps (j)i, 4'2 ■ —9- that are smoothly homotopic to idsi. Thus, 

if (ri, T2) £ LG Xq LG with g := ti(1) = T2(1), then ffe := Tk o (pk is thin homotopic to Tk for k = 1 , 2 ; 
furthermore ti = (ji o ^) U idg and f2 = idg U (t2 o </>). 

Suppose we have elements pk £ for k = 1 , 2 . Using the thin homotopy equivariant structure, 
we define pk '■= dTt,,f^{Pk), and form the fusion product 


P ■ '^(Pl ® P 2 ) £ £(ti o0)U(r2O(/)) ■ 

The loop (ti o (p) U (t2 o p) is thin homotopic to con(Ti,T2). We obtain an element 


P ■ d(^riO{p)\j{T20(p),con{Ti,r2){p') £ P'con{Ti ,T2) ■ 

Proposition 3.2.1. Suppose C is a central extension of LG equipped with a fusion product A and a 
fusive thin homotopy equivariant structure d. Then, the assignment {pi,p2) I—9- p defined above is a 
smooth map 

con : pr)(£ (8) pr^^ —^ con*C 

over LG x q LG that is independent of the choice of the smoothing function. If A and d are multipli¬ 
cative, then 

cdh{pi ®p2) ■ cdh{p[ 8)^2) = coh{pip[ 0 P2P2) 
for all Pi £ Cn, Pi £ Ct' with i = 1,2 and (ri, T2), (t{, T2) £ LG x'q LG. 


Proof. We show the independence of the smoothing function p. If p' is another smoothing function, 
then p and p' are smoothly homotopic. We obtain loops r{ and that are thin homotopic to fi and 
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T 2 , respectively. The diagram 



is commutative: the triangular diagrams commute due to the cocycle condition for d (Definition 12.21 
(jlj)), and the rectangular diagram commutes due to the compatibility condition for A and d (Definition 
This shows the independence of the choice of (f). 

Smoothness can be checked with fixed smoothing function and then follows from the smoothness 
of the thin structure and the fusion product. In order to see the multiplicativity, we notice that the 
thin paths from to fi give a thin path in L(G x G). Thus, the multiplicativity of d and the one of 
the fusion product imply the claimed property. □ 

3.3 Disjoint-commutativity 

A loop r G LG is supported on an interval / C if t{z) = 1 for all z G \ I. 

Theorem 3.3.1. Suppose C is a central extension of LG equipped with a multiplicative fusion product 
and a multiplicative, fusive thin homotopy equivariant structure. Then, C is disjoint commutative, i.e. 
if ti,T2 G LG are supported on disjoint intervals, and pi G and p 2 G £r2; then pi ■ P 2 = P 2 ■ Pi- 

Theorem 13.3.11 applies to the universal central extension Cq of a compact, simple, connected, 
simply-connected Lie group G, as seen in Example 12.61 In that case, disjoint commutativity was 
known to hold, verified by a direct calculation using the Mickelsson model [G1F931 Lemma 3.1]. 

For the proof Theorem 13.3.11 we start with the following prototypical situation. Suppose ti,T2 G 
PG are loops based at 1 G G. Then, ti U idi and idi U T 2 are loops supported on disjoint intervals. In 
particular, 

(ti U idi)(idi U Ts) = (idi U r2)(Ti U idi). 

Proposition 3.3.2. We have pi ■ P 2 = P 2 ■ Pi for all pi G Gnuidi and p 2 G GidiUrs • 

In order to prove this, we note that the multiplication in this particular situation coincides with 
the fusion product. 


Lemma 3.3.3. pi ■ p 2 = X{pi ®P 2 )- 

Proof. Proposition 13.1.11 (lul) implies lidj = 1. Thus, over the triple (ti, idi, idi) € PG^^l we can write 
pi = X{pi ( 8 ) 1). Likewise, over (idi,idi, T2) we have p2 = A(1 ®P2). Multiplicativity of the fusion 
product then shows the claim: 

Pi-P2 = X{pi (g) 1) • A(1 ® P 2 ) = A(pi • 1 (g) 1 • P 2 ) = X{pi ®P2). 


□ 
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Proof of Proposition \S.S. 21 That the thin homotopy equivariant structure symmetrizes the fusion 
product (Definitional] ( 0 ) means, over the triple (ri,idi,r3), 

dTiUT3,r3Uri"('^(Pl ® P2')') — '^(didiUT3,r3Uidi (P2) ^ ,idiU~(^^l)) ■ 

We can apply Lemma 13 . 3.31 on the left (to the given data) and on the right (to the pair (7I3,fi) and 
the elements didiUr3.Tjuidi(P2) and (iriUidi.idiUTr(Pi)) and obtain 

driUr3,r3Urr(Pl ' P 2 ) — did3Ur3,r3Uidi (P 2 ) ' uidi,idiUrr(Pl)■ 

Now we want to use the multiplicativity of the thin homotopy equivariant structure. We claim that 
((idi UtsjTi Uidi), (T^Uidi,idi Urf)) € L{G x Indeed, let r_T^ : ^ denote the rotation 

by an angle of —tt. Then, (idi U t^) o t-tt = U idi and (ti U idi) o r-^^ = idi U tT. Fixing a path (pt 
from (fiQ = idsi to ipi = r_,n. we obtain a path 

((idi u T3) O ipt, (n u idi) o Pt) 

in L{G X G), which is thin as it factors through pt{z) S iS"^. Thus, the multiplicativity of the thin 
structure now implies pi ■ P2 = Pi ■ Pi- CH 

Proof of Theorem \S.S.l[ We consider two general loops n, T2 G LG with disjoint supports I,JCS^. 
There is an orientation-preserving diffeomorphism (p : such that C (^, 1 ) and 

^ ( 0 ; \)- Then, ri o t/j = U idi and T2 o (^ = idi U T2, where r((e^’^‘‘) = (ti o (^)(e’^'^^“*^) 
and r2(e^'^‘*) = (t2 o The map p is homotopic to id5i via a family pt with pQ = id5i and 

Pi = p. The path (ti o p^^ ti o pt) = (ti, T2) o p^ in L{G x G) is thin. If pi G and pi G Ct2 , then 
dri,r^uidi(pi) G 'C.r^uidi and (ir2.idiUT,^(P2) G AdiUr^- Proposition [ 3 A 2 J applies and 

drijT^Uidi (l^l) ' d7.2 3 diUr 2 ( 1 ^ 2 ) d7.2^idiUr2 (^ 2 ) * ,r(Uidi (Pl) • 

We use the multiplicativity of the thin strncture: on the left for the thin path (ri, ti) o pt and on the 
right for the thin path (t2,ti) o p^^ and obtain 

^Tl'^2,('riUidi)(idiUT2) ' P 2 ) d7.2X3 ,(idi Ur,^)-(r^Uidi) (P2 ’Pi)- 

We have 

(r( U idi)(idi U T2) = (idi U T2) • (t( U idi) = U r2 and Tir2 = r2ri, 
and as dT^T2,T[UT^ is an isomorphism, we get Pi ■ Pi = P2 ' Pi- D 

4 Integrable thin homotopy equivariant structures 

A thin homotopy equivariant structure on a central extension C can be induced from certain connections 
on (the underlying principal U(l)-bundle of) C. 

Definition 4.1. 

(a) A connection v on C is called thin, if two thin paths ^ 1,^2 with common initial point ^i(0) = 72 ( 0 ) 
and common end point 71 ( 1 ) = 72 ( 1 ) induee the same parallel transport, ptf_^ = pt'f^. 

(h) A thin connection v on C is called superfieial, if two loops ti,T 2 G LLG have the same holonomy 
whenever they are homotopic via a map h: [ 0 , 1 ] x x —s- G of rank at most two. 
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Every thin connection v induces a thin homotopy equivariant structure (F by := where r 

is an arbitrary thin path from tq to Ti, see [Wall2c[ Lemma 3.1.5]. Superficiality is a property of 
connections in the image of transgression, and will be relevant in Section [5j 

Definition 4.2. Suppose C is equipped with a fusion product X and a thin connection v. 

(a) v is compatible with A, if the bundle morphism A over is connection-preserving. 

(b) V symmetrizes A, if d'^ is symmetrizing. 

(c) V is fusive if it is compatible and symmetrizing. 

If is a thin and fusive connection, then d'^ is fusive with respect to A. The question whether or not 
a given thin homotopy equivariant structure can be induced from a thin connection gives rise to the 
following definition. 

Definition 4.3. A thin homotopy equivariant structure d is called thin structure, if there exists a 
superficial connection v such that d'^ = d. In the presence of a fusion product, it is called fusive thin 
structure if v can be chosen fusive. 

It remains to discuss multiplicativity in the setting of thin structures. This requires some attention, 
because it is not clear which multiplicativity condition one should impose on a connection v. First of 
all we note that every connection n on C determines a 1-form € X}^{LG x LG) by 

^pi (^i) + ^P2 (^ 2 ) — t'piP2 (P 1 X 2 -I- + (T’i,T’2) (4.1) 

for all ti,T 2 £ LG, Xi G Tr-LG, as well as pi £ and Xi £ Tp.C such that p^,{Xi) = Xi. We call 
Cl, the error 1-form of v, it can be seen as a measure for the non-multiplicativity of n. We want to 
impose a multiplicativity condition for the connection n by requiring that admits a path splitting 
in the following sense. 

Definition 4.4. Let X be a smooth manifold, fc G N, and e £ LF{LX). A path splitting of e is a 
k-form K £ Idf{PX) such that U*e = pr^K — pr^K on 

We formulate two additional conditions for path splittings that will be required, too. We recall 
that for every (Frechet or diffeological) Lie group K and every /c G N we have a complex 

0-- ^Vt^{KxK) - ^... (4.2) 

whose differential A is the alternating sum over the pullbacks along the face maps of the simplicial 
manifold BK. A form in the kernel of A is called multiplicative. 

For K = LG, ()4.1I1 implies that is multiplicative: Acj, = 0. 

For K = PG, it makes sense to require that path splittings of Ci, are multiplicative. 

For the second condition, we recall from Section ITT] that for 7 G PX and a smoothing function <j) we 
have a retraction : [0,1] —^ PX with ^^(0) = id.y(o) and (j)-y{l) = 7 o </>. A 1-form k £ I}^{PX) is 
called contractible, if 



for all 7 G PX and some (and thus all) smoothing functions 4>. 














Before continuing, let us try to elucidate path splittings with the following example. 


Example 4.5. For S a ^-dimensional compact oriented smooth manifold, possibly with boundary, we 
denote by ev : C°^{S,X) x S —^ X the evaluation map, and let 


TS : n>^{X) n^-^{C°°{S,X)) ■p\-^ [ ev*p 

Js 

be the usual transgression of differential forms to the mapping space. For p g 17^+^ (X) we set 
e := € VL^{LX) and k := T\^p]{p)\px g VL^{PX). We claim: 

• K is a path splitting for e. To see this, consider a path 7 : [0,1] —^ PG^‘^\ with 7 = ( 71 , 72 ) and 
the associated homotopies : [0, 1 ]^ —^ G; h^.{t,s) = 7 i(t)(s). Note that 


/ K=/ / p^.(^t)^s){ds7t(t)is),daiit)is))dsdt 

J'l, Jo Jo Jo 


P- 


'Ji ■JO 

We have 


f U*e= [ [ p(^uoj)(t){s){ds{'Joj){t){z),dt{Lioj){t){s))dsdt. 

J7 Jo Jo 

Splitting the integral over s in two parts (from 0 to i) and (from i to 1), expressing it in terms 
of 7 i and 72 , and reparameterizing, we get 


Ue=/ p- p= pr^K-pr^K. 


But two 1-forms coincide if their integrals along all paths coincide; this shows U*e = pr^/t —pr^K. 


• If X is a Lie group and p is multiplicative, then k and e are multiplicative, too. Indeed, ts is 
linear and natural with respect to smooth maps between smooth manifolds, and so commutes 
with the differential A. 


• If fc = 1, then K is contractible: if 7 g PX, then we have 

j K = / j ev*p = j (ev o (cj)^ X id))*p = 0, 

Jcb-v ■l(b-, -tfo,!! ■I\0.W 


because (ev o ((j)^ x id))(t, s) = ^(t4)(s)) is a rank one map. 


One can show that the error 1-form Ci, g Vi^(LG x LG) of a fusive connection v an. C admits a 
path splitting, and for compact groups G even a multiplicative path splitting. However, I do not know 
conditions that would guarantee the existence of a contractible path splitting. This constitutes our 
multiplicativity condition. 


Definition 4.6. A multiplicative and fusive thin homotopy equivariant structure d is called multiplica¬ 
tive and fusive thin structure, if there exists a fusive superficial connection v with d'^ = d, whose error 
1-form Cv admits a multiplicative and contractible path splitting. 

Definition 4.7. Let G be a Lie group and LG = G°° (S^ ,G) be its loop group. 

(a) A thin fusion extension of LG is a central extension 

1 ^ U(l) LG I 

together with a multiplicative fusion product and a multiplicative and fusive thin structure. 
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(b) An isomorphism between thin fusion extensions is a smooth isomorphism between central extensions 
that is fusion-preserving and thin. 


Thin fusion extensions form a category that we denote by Jvs&:t*^{LG). 

Before coming to examples, we shall investigate the following interesting feature of a thin fusion 
extension (Proposition 23] below). We recall that the Lie algebra of LG is Lq = with all 

operations defined pointwise. We denote the Lie algebra of a central extension C by 1. It is a central 
extension 

0 -^ R-^ Lq -^ 0 

of Frechet Lie algebras. We recall that a splitting is a continuous linear map <5 : Lq —s- [ such that 
p* o ^ = idig. Every connection v on C induces - via horizontal lift - a splitting S^- 

An element X € Lq is called linear loop, if there exist a smooth map / : 5”^ —^ R and X € q 
such that X(z) = f(z)X for all z € The linear loops span Lq. Every linear loop X can be 
represented - as a tangent vector - by a thin curve, namely by : R —^ LG : t I—^ exp(tA’), 
with 'yx{t){z) = exp{tf{z)X). Note that t I—^ is a smooth curve in LG^,,.^. Thus, a thin 

homotopy equivariant structure d on C produces a smooth curve dx ■ R —^ L : t 


Lemma 4.8. Suppose C is a central extension with a thin homotopy equivariant structure d. Let v be 
a thin connection on C with dS = d. Then, the splitting Sy is TAff{S^)-equivariant and satisfies 


SAX) 


_d 

dt 


dx{t) 

0 


for all linear loops X. 


Proof. We calculate 


SAX) = 


dt 


ptAA^t) = 


dt 




dt 


dx{t). 


(4.3) 


Next we consider p G Viff^[SA and a linear loop X. Then, exp(<A’) o p = exp(t(A’ o p)) is thin 
homotopic to exp(tA’), and we have 


dx{t) ' ^ exp(iA^) (1) * T — dexp(iA^),exp(i(A^otp)) (di^exp(ia') (1)) — ^l,exp(i(A^otp)) (1) — S,Xoip{t). 

Taking derivatives and using (231), we obtain Sy{X) ■ (p = Sy(X o p). Since the Tlijff+(S'^)-actions on 
Lq and 1 are linear, and Lq is spanned by the linear loops, we conclude that Sy is equivariant. □ 


In case of a thin fusion extension, we obtain: 


Proposition 4.9. Let C he a thin fusion extension with thin structure d. Then, there exists a unique 
splitting S : Lq —s- ( of the Lie algebra extension, such that 


S{X) 


_d 

dt 


dx{t) 

0 


for all linear loops X. Moreover, this splitting is TAiff ^ [SA-equivariant. 


Proof. Uniqueness follows because the linear loops span Lq. Existence uses the existence of a thin 
connection v on C such that d = d^. The corresponding splitting Sy has the claimed properties by 
Lemma 2751 □ 
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In the remainder of this section we discuss three examples. 

Example 4.10. The universal central extension Hq of a compact, simple, connected, simply-connected 
Lie group C? is a thin fusion extension. Since Hq is universal, it follows that every central extension 
of LG is a thin fusion extension. In the model of Example 12.61 we obtain a connection v by declaring 
its parallel transport along a path 7 : [0,1] —^ LG via 

pt^ : £g| 7 (o) ^ >Cg| 7 (i) : (<?!'o, 2 o) ((jii ,zq • (4.4) 

where (j)i : —s- G is arbitrarily chosen such that d(j>i = 7 ( 1 ), and 4>.y is obtained from 7 , (po and 

4>i exactly as described in the definition of the thin homotopy equivariant structure d on Cq- In order 
to show that (14.41) defines a connection, it suffices to check (see |SW09[ Theorem 5.4]): 

(a) It is compatible with the concatenation of paths: this is obvious. 

(b) It depends only on the thin homotopy class of the path, i.e. if 7 and 7 ' are paths in LG with 
common initial loop and common end loop, and h : [0,1]^ —s- LG is a smooth map with ft,(0, t) = 
7 (t) and h(l,t) = ^'{t) (i.e. ft, is a fixed-ends-homotopy) and with the property that / h*u! = 0 
for all 2-forms ui € H^{LG) (i.e. ft is thin), then pt^^ = pt^^. That this is the case can be seen by 
expressing the difference of the parallel transport maps (lOl) as the integral of w := T 51 {H) along 
ft, which thus vanishes. 

(c) It depends smoothly on the path. This can be checked on smooth one-parameter family of paths, 
for which smoothness follows from the one of the integral of differential forms. 

Thus, we have a connection v on Cg- It is straightforward to see that it is compatible with the fusion 
product A. We have already seen in Example 12.61 that for a thin path 7 the parallel transport pt^ 
is independent of the choice of the thin path: this shows that v is thin and induces d. It is also 
superficial: if two loops ti,T 2 € LLG are homotopic via a homotopy ft, then the difference between 
their holonomies is given by exp 27ri ift, where ft is the homotopy. When ft has rank two, the difference 
vanishes. The curvature of v is Tgi{H), and the error I-form is e^, = Tg-^ip)- Example 14.51 shows that 
Ciy has a multiplicative and contractible path splitting. 

Example 4.11. For any Lie group G, the central extension Cp = U(l) x LG with the group structure 
defined from the holonomy rj oi a principal U(l)-bundle P over G x G, the trivial fusion product and the 
trivial thin structure (see Example 12.5|) . is a thin fusion extension. Indeed, an integrating connection 
V can be obtained from any 2-form ui G il^{G) by z/ := Tgi{ijj) G fl^(LG), e.g. cu = 0 works. It is easy 
to see that this gives a fusive superficial connection, and that it induces the trivial thin structure, see 
[Wall2cl Proposition 3.1.8]. 

Example 4.12. We construct a central extension that cannot be equipped with the structure of a thin 
fusion extension. We work with G = U(l), and consider £ = U(l) x LU(1) equipped with the group 
structure induced by the following 2-cocycle 77 : LU(1) x LU(1) —^ U(l). If r £ LU(1), we denote by 
n G Z the winding number of r, and find a smooth map / : R —^ M such that f{t -I- 1) = f{t) + n and 
r = . Note that / is determined by r up to a shift by a constant z gZ. We define for / : R —^ R 

the average 

/:= / /(s)ds. 

We define for a, /3 ,7 € M: 

ft(n,T2) = exp 27 ri J /i(s)/2(s)ds-f ^(n 7 -h 712/1) + 7 «i/ 2 ( 0 ) 
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It is straightforward to check that the cocycle condition is satisfied for arbitrary values of a,/?, 7 . We 
remark that the 2-cocycle rj is normalized, i.e. 77 ( 1 ,1) = 1, for all parameters. We have to assure that 
rj is well-defined under shifting fk by integers Zk- We get 



(s) -I- Zi){f2 + 2:2)'(s)ds 


ni/2 + Z2 + 712/1 + 


/ fi(s)f2(s)ds + Zin2 

do 

nif2 + 772/1 + niZ2 + 712Z1 


ni{f2 + 2:2 )(0) 


nif2{0) +niZ2. 


Note that all differences that arise are integers. We see two options to obtained well-definedness: 

1. We choose the constants a,/ 3,7 such that all differences cancel: /3 = —7 and a = Then we 
have an R-family of well-defined 2-cocycles. The corresponding central extensions are denoted 

by d:R(7). 

2. We let a ,/?,7 € Z be arbitrary integers. Then, all differences vanish separately under exponen¬ 
tiation. This gives a Z^-family of well-defined 2-cocycles. The corresponding central extensions 
are denoted by £z(a,/ 3 , 7 ). 


We have coincidence £R(fc) = Cz{k, —k, k) for all fc G Z. We observe that £z(—1, 0,1) is the extension 
£p of Examples 12.51 and 14. Ill with P the Poincare bundle over T = U(l)xU(l). Further, £z(l, 1, — 1) 
is the “basic central extension” of £U(1) |PS861 Prop. 4.7.5]. 

One can show that for all ri, r 2 , and all a, /3 ,7 € R the following symmetry law holds: 


? 7 (n,r 2 ) = exp27ri ^ 2 a J /i(s)/ 2 (s)ds - a 772 77 i -I- (7 - q;)71i/2(0) - ( 74 - 0 ) 772 / 1 ( 0 ))^ ? 7 (T 2 ,ri). 


This shows in the first place that the extensions £z(0, /3, 0) are commutative. Let cj) : [0,1] —^ [0,1] 
be a smoothing map. Define smooth maps /i, /2 : [0,1] —^ M by 


hit) ■■= 



0<t<^2 

l<i<l 


and 


hit) ■■= 


(l){2t - 1) 


0<t<i 

l<t<l 


and extend them periodically with shifts by 771 =772 = —1. The corresponding loops ti and T 2 have 
disjoint support. We have / 1/2 = 0, /i(0) = hiO) = li and hence 


?7(d,T 2) = exp(27ria) • 77(T2,ri). 


This shows that the central extensions £r( 7 ) with 7 ^ Z do not satisfy the disjoint commutativity 
law of Theorem l3.3.11 and we conclude that they cannot be equipped with the structure of thin fusion 
extensions. 


5 Transgression-regression machine 

5.1 Multiplicative bundle gerbes 

We use the theory of bundle gerbes and connections on those [Mur961 ISteOOl ICJM021 IWal07b) . We 
denote by QrbiX) and Qrb^iX) the bicategories of bundle gerbes without and with connection over 
a smooth manifold X, respectively. Forgetting the connection is an essentially surjective, and in 
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general neither full nor faithful functor Qrb'^{X) —^ Qrb (X). The 1-morphisms are called (connection¬ 
preserving) isomorphisms, and the 2-morphisms are called (connection-preserving) transformations. 
2-forms p G n^(X) can be considered as connections on the trivial bundle gerbe I; as a bundle gerbe 
with connection it is denoted by Ip. 

Definition 5.1.1 f |C,TM~*~05llWalir)] b A multiplicative bundle gerbe with connection over a Lie group 
G is a bundle gerbe G with connection over G, a multiplicative 2-form p G fl'^{G x G), a connection¬ 
preserving isomorphism 

M ■ Gi ^ G 2 —^ Gi2 ® Ip 

over G X G, and a connection-preserving transformation 


-Mi,2<8>id 

fJl 0 f/2 ® Gs -^ Gi2 0 03 0 ^P1,2 


id®At2,3 


01 0 023 0 2 p, 


a 


-Mi2,3(8>id 


A^i,230id 


■ 0123 0 2n 


(5.1.1) 


between isomorphisms over G x G x G, such that a satisfies a pentagon axiom over G'^. 

Here our index convention is so that e.g. the index {..)ij^k stands for the pullback along the map 
{gi,gj,gk) 1 — ididj^dk)- For instance, Gi = pi'*0 and 0i2 is the pullback along the multiplication 
of G. Further, we have written pA ■= pi ,2 + Pi 2,3 = P 2,3 + Pi, 23 , with the equality coming from the 
multiplicativity of p, see (j4.2|) . The pentagon axiom for a can be found in [Wall 01 Definition 1.3]. For 
later purpose, we need the following lemma. 

Lemma 5.1.2. Suppose G is connected. LetG be a bundle gerbe with connection overG, p G Gf{GxG) 
be a multiplicative 2-form, and M. '. Gi ® G 2 —^ 0i2 0 be a connection-preserving isomorphism, 
such that the set X of connection-preserving transformations i5.1.1\) is non-empty. Then, X contains 
a unique element a that satisfies the pentagon axiom. 

Proof. We pick some a G X. The pentagon axiom is an equality between two connection-preserving 
transformations over G"^. Set of connection-preserving transformations between two fixed connection¬ 
preserving isomorphisms is a torsor over the group of locally constant U(l)-valued maps. Thus, the 
pentagon axiom for a is satisfied up to a locally constant map e: G'^ —s- U(l). Since G is connected, 
e is constant; e G U(l). We regard this constant as a locally constant map e : G^ —^ U(l), and define 
a new element a' := a ■ e G X. The pentagon axiom has five occurrences of a': three on one side and 
two on the other. Thus, four occurrences of e cancel, and the remaining one compensates the error 
caused by a; hence, a' satisfies the pentagon axiom. Assume a, a' G X satisfy the pentagon axiom. 
They differ by a locally constant map e : G^ —^ U(l), i.e. a constant. In the pentagon axioms for a 
and a', this leads to = e^, i.e. e = 1. Therefore, a = a'. □ 

If {G, p,M,a) and {G',p,M',a') are multiplicative bundle gerbes over G with connections (with 
the same 2-form p), a 1-morphism is a connection-preserving isomorphism A : G —^ G' together with 
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a connection-preserving transformation 


Q\ ® Q 2 -^ Qi 2 ® Ip 


Ai®A2 



^i2®id 


Q[ ® Q 2 -^^ G'i 2 ® Ip' 

M 


(5.1.2) 


over G X G that satisfies a compatibility condition with respect to a and a' over G^, see |WallO[ 
Definition 1.7]. 


Lemma 5.1.3. Suppose (G, p,A4,a) and {G', p, -M', a') are multiplicative bundle gerbes with connection 
over a connected Lie group G, suppose A : G —^ G' is a connection-preserving isomorphism, and 
suppose 13 is a connection-preserving transformation Then, /3 is compatible with a and a'. 


Proof. We argue as in the proof of Lemma 15.1.21 The compatibility condition is an equality between 
two transformations over G^, with four occurrences of /3. Thus, it is satisfied up to a locally constant 
map e : G^ —s- U(l), i.e. a constant. The two pentagon axioms for a and a' over G^ are related 
by 20 = 4 • 5 occurrences of /3. As the pentagon axioms are satisfied, and the compatibility diagrams 
commute up to e, we obtain that five occurrences of e have to cancel. This requires e = 1. □ 


If (A,/?) and {A',f3') are 1-morphisms between multiplicative bundle gerbes with connection, a 
2-morphism is a connection-preserving transformation ip : A => A! such that the diagram 


(Ai ® A 2 ) o M 


((^i(gi(^2)oid 


(A'l ®A!2)oM 


^ M' 0 A 12 




^M' o M 


12 


is commutative. With these definitions, multiplicative bundle gerbes with connection form a bicategory 
that we denote by MultQrb'^{G). 

Multiplicative bundles gerbes without connections are defined analogously, without the 2-form p 
and without occurrences of trivial gerbes. We denote by AiultQrb (G) the bicategory of multiplicative 
bundle gerbes over G. We have the following classification result of [CJM+05] : 

hoMultgrb{G) ^ h4(BG,Z), (5.1.3) 

where ho denotes taking the set of isomorphic objects. We denote by A4ultQrb°° (G) the full sub¬ 
bicategory of MultGrbiG) over those multiplicative bundle gerbes that admit connections. For compact 
Lie groups G, we have MultQrb°°{G) = MultQrb((G) [Wall01 Proposition 2.8]. All bicategories of 
multiplicative bundle gerbes are symmetric monoidal, under the tensor product of bundle gerbes, and 
(15.1.31) is an isomorphism between groups. 

Example 5.1.4. The trivial gerbel^j for any uj € D^(G) carries multiplicative structures parameterized 
by principal U(l)-bundles P with connection over G x G such that 

Pi, 2 ® Pl2,3 — ^2,3 ® Pi, 23 
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via a coherent connection-preserving isomorphism, see [Wall 01 Example 1.4]. In this case, the 2-form 
is p = curv(P) — uj. For G = U(l), we have H^(ilU(l), Z) = H^(i4r(Z, 2), Z) = Z. In [Wall 01 Prop. 
2.4] it is shown that there is an exact sequence 


0 ^ H3(.BU(l),t/(l)) ^ hoMultgrb"^{V{l)) Z. 

As H^(ilU(l), t/(l)) = H^(Ar(Z, 2), U(l)) = 0, we see that hoMultOrb^iV{!)) = hoMultQrb (U{!)) = Z. 
This Z-family of multiplicative gerbes is obtained by taking a; = 0 and P the Poincare bundle over 
r = U(l) X U(l). 

Example 5.1.5. Suppose G is compact, simple and simply-connected. There exists a (up to 
connection-preserving isomorphisms) unique bundle gerbe Gbas with connection of curvature H, where 
H S n^(G) is the 3-form of Example 12.61 it is called the basic gerbe. One can show that Qbas has a 
unique multiplicative structure [Wall01 Example 1.5], where p G fl^{G x G) is the 2-form of Example 
12.61 There exist Lie-theoretical constructions of Gtas [OR021 IMei02] . Constructions of the correspond¬ 
ing multiplicative structures are notoriously difficult; one option is described in [Wall2al Section 7]. 
For (non-simply connected) compact simple Lie groups, all multiplicative gerbes with connection are 
tabulated, and can be constructed via descent from their simply-connected covers [GW09| . 

5.2 Transgressive central extensions 

For every smooth manifold X, there is a transgression functor 

: hiGrb^iX) Bun{LX) (5.2.1) 

with target the category of Frechet principal U(l)-bundles over LX. The symbol hi stands for passing 
from a bicategory to a category by identifying 2-isomorphic isomorphisms. 

Transgression for gerbes has been defined by Gaw§dzki in terms of cocycles for Deligne cohomology 
[Gaw88| , and by Gaw§dzki-Reis for bundle gerbes [GR02] . Brylinski has defined transgression in terms 
of sheaves of categories |Bry93| . The functor (15.2.1|) that we use here is an adaption of Brylinski’s 
functor to bundle gerbes, and defined in [WallOj . It is monoidal, and natural with respect to smooth 
maps /: X —^ X' between smooth manifolds and the induced maps Lf: LX —^ LX' between their 
loop spaces. Furthermore, if p G fl^(X), Ip is the trivial bundle gerbe with connection p, then its 
transgression has a canonical trivialization tp : SLx^ —^ I, where I is the trivial U(l)-bundle over 
LX. 

Suppose {Q, p, Xi,a) is a multiplicative bundle gerbe with connection over G. Applying the trans¬ 
gression functor to Q, we obtain a Frechet principal U(l)-bundle L \= SLg over LG. Because trans¬ 
gression is functorial and monoidal, the transgression of the connection-preserving isomorphism A4 
together with the trivialization tp give a bundle isomorphism 


r ^ r r or r 

Cl ® C2 -^ C12 ( 8 > ^ C12 

over LG x LG. It induces a binary operation on C that covers the group structure of LG. The existence 
of the transformation a implies under transgression the associativity of that binary operation. This 
equips C with the structure of a Frechet Lie group [Wall01 Theorem 3.1.7], making up a central 
extension 

1 ^ U(l) —^C—^LG^l. 
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Definition 5.2.1. A central extension C of LG is called transgressive, if there exists a multiplicative 
bundle gerbe with connection over G whose transgression is isomorphic to C as a central extension. 


In |Walb] a category iPusBur^‘^{LX) is considered with objects the Frechet principal U(l)-bundles 
over LX equipped with fusion products and fusive superficial connections, and morphisms the fusion¬ 
preserving, connection-preserving bundle morphisms. A construction in [Walbl Section 4.2] lifts the 
transgression functor (15.2.11) to this category: 

: YviGrh'^iX) XusBun'^‘f{LX). (5.2.2) 

In case of a multiplicative bundle gerbe Q with connection over G, this means in the first place that 
the underlying principal U(l)-bundle of the central extension C is equipped with a fusion product A 
and with a fusive superficial connection ly. 

Under the lifted transgression functor, the transgression .3^ of the trivial bundle gerbe with 
connection p € r2^(X) is equipped with a fusion product and a connection, which under the tri- 
vialization tp: ^ I correspond to the trivial fusion product on I and the connection 1-form 

Cv := rsi(p) G n^{LX) [Wall 11 Lemma 3.6]. Thus, the group structure of C is induced by the 
fusion-preserving, connection-preserving bundle morphism 

id<Sitp 

Cl ® £2-£12 ® ^ £12 0 

This means (1) that Cy G n^{LG‘^) is the error 1-form of ly. By Example 14.51 k := T[o,i](p)|p(GxG) 
is a multiplicative and contractible path splitting for Cy. It means (2) that the fusion product is 
multiplicative, see jWalal Theorem 4.3.1]. 

Collecting all this data forces us to consider a category FusSxt^{LG) with: 

• Objects: Central extensions of LG equipped with a multiplicative fusion product, a fusive su¬ 
perficial connection, and a multiplicative, contractible path splitting of its error 1-form. 

• Morphisms: Fusion-preserving, connection-preserving isomorphisms of central extensions, with 
the same error 1-form and the same path splitting on both sides. 

The fact that transgression is a functor and monoidal implies that above procedure defines a monoidal 
functor 

: \iiMultgrb"^{G) Fusex{^{LG). (5.2.3) 

We can pass from superficial connections to thin structures in terms of an essentially surjective 
functor 

th : XusCxt'^ {LG) Bis£xC^{LG) 

to the category of thin fusion extensions introduced in Section |4j Forgetting the fusion product and 
the thin structure gives another functor from Jvs8xC^{LG) to the category £xt{LG) of bare central 
extensions of LG. The composite 


th 


hiMultgrb'^{G) ^^^J=usaxt"^{LG) 


XusExL^{LG) 


£xt{LG) 


(5.2.4) 


















is the procedure from the beginning of the present subsection: the transgression of a multiplicative 
bundle gerbe with connection to a central extension. Thus, we obtain the following result, constituting 
the first part of Theorem 

Proposition 5.2.2. A central extension is transgressive only if it can be equipped with the structure 
of a thin fusion extension. 

The functor (I5.2.3|) has a version when the connections on both sides are dropped, at the price that 
it only exists as map, not as a functor. 

Proposition 5.2.3. There exists a unique map : hoA4ultQrb°°(G) —^ ho JvsEadf^{LG) such that 
the diagram 

hoMultgrb^{G) ho JhsSxt^ {LG) 

ICLQth 

hoMultgrb’=°{G) —ho(LG) 

is commutative. 

Proof. Uniqueness is clear as the vertical map on the left is surjective (by definition of A4ultgrb°°{G)). 
For the existence, we prove that the thin fusion extensions one gets from different choices of connections 
on the same multiplicative bundle gerbe are isomorphic. 

Let 0 be a multiplicative bundle gerbe over G with two connections, say Ai and A 2 , with corre¬ 
sponding thin fusion extensions £1 and £ 2 , respectively. In |NW131 Proposition 5.1.3] we have have 
constructed an isomorphism ip : L\ —s- £2 between central extensions. It was defined as the compo¬ 
sition ip := (id (8) tp) o where /? G U^(G) and id^: g\^ —^ gx^ 0 Lg is a connection-preserving 
isomorphism. The transgressed isomorphism and the canonical trivialization — 5 - 

are fusion-preserving; this shows that (p is fusion-preserving. As a connection on the trivial bundle, 
the 1-form ts^ (/?) induces the trivial thin structure |Wall2c[ Proposition 3.2.3]; so that th{tp) is a thin 
bundle morphism. Hence, ip is an isomorphism of thin fusion extensions. □ 

Example 5.2.4. We consider the transgression of the trivial gerbe equipped with a multiplicative 
structure defined by a principal U(l)-bundle P with connection over G x G (see Example 15.1.41) . 
The trivialization t^j : ^ U(l) x LG induces an isomorphism between the transgressive thin 

fusion extension and the thin fusion extension £p of Examples 12.51 and 14.111 In particular, £p is 
transgressive. 

Example 5.2.5. Let G be a compact, simple, simply-connected Lie group, let ghas be the basic gerbe 
over G lExample lb. 1.511 . and let £g be the universal central extension of LG fExamples I2.6l and l4.10ll . 
There is an isomorphism 

P^-.Cg^ 

of central extensions that is fusion-preserving and thin, and so establishes an isomorphism between thin 
fusion extensions. In particular, the universal central extension Cq is transgressive. The isomorphism 
p is defined by 




















Here, T '■ 4>*Qbas —^ lu is an arbitrarily chosen trivialization of 4>*Gbas over and d'T denotes its 
restriction to the boundary; the latter is a trivialization of d(j)*Gbas over S^, constituting an element 
in over the loop dcj). It is straightforward to see that ip is well-defined, U(l)-equivariant, fusion¬ 

preserving, and a group homomorphism; see [Walal Section 4.3] for details. In order to see that ip is 
thin, we consider the thin connection v on Cg that integrates the thin homotopy equivariant structure 
d (see Example 14.1011 . and show the stronger statement that ip is connection-preserving. Indeed, if 
7 : [0,1] —^ LG is a path, and ^o, <^i : ^ G are smooth maps with dcj)o = 7 ( 0 ) and d(j)i = 7 ( 1 ), 

then pt’^{cj)o, 1) = (</>!, Let 7o,7i be trivializations of (jj^Gbas and (jilGbas, respectively, and 

let i/ denote the connection on ■ Employing the definition of the transgression functor, see [Walbl 
Section 4.3], the parallel transport in ^Yos P^'ji^To) = dTi ■ {hj, To, 71), where the latter term 
is the surface holonomy of Gbas with the trivializations as boundary conditions. In the present case 
of a 2-connected Lie group, it can be computed via the 3-form H and the two 2-forms ujqiUJi of the 
trivializations To, 71, namely as 


Agi^,{h^,To,Ti) = exp27ri ^S'wz($ 7 ) + j ^ujq - j ^ , 

see |Wal07al Proposition 3.1.4 (iii)]. Now we compute 

pt^{(p{(j)oA)) =pt'r{dTo) ■exp2TTi(^-J ujq^ = dTi ■ exp2Tri - J 


This shows that ip commutes with the parallel transport along arbitrary paths; hence, ip is connection¬ 
preserving, in particular thin. 


5.3 Regression and eqnivalence result 

By the main result of |Walb| . the lifted transgression functor (15.2.21) is an equivalence of categories, 
and has for fixed x £ X a canonical inverse functor 

: PasBurF‘f{LX) hiGrb^{X), (5.3.1) 

called regression. We need the following result about the regression of trivial bundles, which is ex¬ 
plained in Appendix 1X1 If e G H^(LA) is a superficial connection on the trivial bundle over LX, 
and fusive with respect to the trivial fusion product, then every path splitting k £ Lt^(PX) defines a 
connection-preserving isomorphism Tk ■ -^^(le) —^ between the regression of Ig and the trivial 

bundle gerbe I over X equipped with a connection 2-form £ Q^(X) defined from k. 

If X is a group, we always choose x = 1 and omit the index. We use the functor ia 

order to construct a regression functor 

: JRjs£rt^(LG) hiMnltGrb^(G) (5.3.2) 

defined on the category (LG) introduced in the previous section. Suppose £ is a central 

extension of LG equipped with a multiplicative fusion product A, a fusive superficial connection, and 
a multiplicative path splitting k of its error 1 -form e (for the definition of we do not need that k 

is contractible). The group structure defines over LG x LG a connection-preserving, fusion-preserving 
bundle isomorphism 


p-. Cl® C 2 


C\2 ® If, 














and the associativity of the group structure implies a commutative diagram over LG^ . 

We let Q := be the regressed bundle gerbe over G with connection. Over GxG we consider 

the connection-preserving isomorphism M defined as 

Gl ® 02 012 (I.) 012 ® 


The various pullbacks oi A4 to G x G x G constitute the outer arrows of the following diagram in the 
category hi 0r6^(G x G x G): 



All triangular subdiagrams commute obviously. There remain two four-sided subdiagrams whose com¬ 
mutativity is to check. The one that touches the upper left corner commutes due to the commutative 
diagram for /i over LG^ and the fact that is a functor. The one that touches the lower right corner 
commutes due to the multiplicativity of k and the additivity of the trivialization 'Tk, shown in Lemma 

E2l 

The commutativity of the diagram in hi 0r&^(G^) implies the existence of a connection-preserving 
transformation a that fills the diagram in Grh'^iG^). Thus, by Lemma 15.1.21 there is a unique 
connection-preserving transformation a making (0, Af,a) a multiplicative bundle gerbe with con¬ 
nection; this defines the functor on the level of objects. On the level of morphisms, one similarly 

composes a commutative diagram from an isomorphism in {LG), and then Lemma [503] implies 

that it yields a morphism between multiplicative bundle gerbes with connection. 

Theorem 5.3.1. For a connected Lie group G, the two functors and form an equivalence 

of categories: 

\iiMultgrb^{G) ^ JLts8x£^{LG). 

Proof. We consider first the composite o . Let £ be a central extension of LG equipped 

with a fusion product A, a fusive superficial connection, and a multiplicative, contractible path splitting 
K of its error 1-form e. We denote by {G, p^, M.,a) the regressed multiplicative bundle gerbe over G. 
Let tp : o ^ idj^«sSiinW/(LG) be the natural transformation that establishes one half of the 
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fact that and form an equivalence of categories. Thus, we have a connection-preserving, 
fusion-preserving isomorphism ipc '■ ^ C over LG. The diagram 




^ A. 




id(g)ip 





pr*£ (8) pr^-C ■ 


■ m*C 8 le 


® I, 


to*£ 8 It 


of bundle isomorphisms over LG x LG is commutative: the triangular diagram is the definition of 
the isomorphism A^, the left part commutes because tp is natural, and the right part commutes due 
to Proposition IA.4I (this uses that n is contractible). The bottom line is the multiplication of £, 
and the top line is by definition the group structure on 3Lg. Hence, pc is connection-preserving, 
fusion-preserving and a group homomorphism. 

Now we look at o . Let {Q,p,M.,a) be a multiplicative bundle gerbe with connection 

over G. Let C be its transgression, with fusion product A, multiplication isomorphism /r, error 1-form 
e = Tg\{p) and path splitting k = T[op](p)|p(GxG)- Let ° ^ idgrbV(G) be the natural 

transformation that establishes the second half of the fact that and form an equivalence; thus, 
Ag : is a connection-preserving isomorphism. The diagram 


{C)i ® {C)2 


pr*./lg0pr2./lg 




■ 8 ^^{le) 8 I, 



Gl 8 t/2 


m* Ag^Axp 

-^ G\2 8 T-p 


m* Ag^id 


: Gi2 8 Tp 


in the category hit7r6^(G x G) is commutative: the triangular diagram is the definition of the mul¬ 
tiplication p, the left part is the naturality of A, and the right part is Proposition IA.31 This means 
that there exists a connection-preserving transformation j3 that fills the diagram. Now we are in the 
situation of Lemma r5.1.31 saying that j3 satisfies the compatibility condition with respect to a and a', 
and it becomes an isomorphism between multiplicative bundle gerbes with connection over G. □ 

In the commutative diagram of Proposition 15.2.31 the maps and hpth are surjective (by 

Theorem [AST] and by definition, respectively), hence the map 

: hoMultgrb^{G) hoJ^£z;t‘^(LG) 
is surjective. Thus, we have the next part of Theorem El 


Corollary 5.3.2. If G is connected, then every thin fusion extension of LG is transgressive. 
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In order to complete the proof of Theorem [Aj we have to show that the map is injective and 
so establishes a bijection. 

Proposition 5.3.3. There exists a unique map : h^FusExt^^{LG) — s- ]\QM.ultQrb°°{G) such that 
the diagram 

hoJhs£ct^(LG) hoMultgrb'^{G) 

]iQth 

hoJhs&;f‘^(TG)- hQMultgrb°°{G) 

is commutative. 

Proof. Uniqueness of the map follows since hot/i is surjective. In order to define the map we infer 
that the regression functor SLlF of (I5.3.I|) covers a functor : JusBun{LX) —^ higrb{X) on the 
level without connections [Walbl Section 5.1]. Using only the group structure and the multiplicativity 
of the fusion product, the bundle gerbe t%{£) can be equipped with a so-called strictly multiplicative 
structure, which in turns induces a multiplicative structure, see Sections 2 and 5 of [Wall 2 a) . It remains 
to prove that the diagram is commutative. We assume that we have a fusive superficial connection i/ 
on £ together with a multiplicative path splitting k. 

By construction, {£) and .y^£%{th{£)) have the same underlying bundle gerbe g = Si{£), and 

the same underlying isomorphism M. = ^{fi). We show that the associators coincide; in order to do 
so, we prove that the isomorphism A4 and the associator a obtained from the strictly multiplicative 
structure are connection-preserving; thus, by Lemma r5.1.2l Q equals the associator of {C). 

The isomorphism M is induced from the map r : Y 12 —^ £12 between the surjective submersions 
Yi ^2 '■= PiG X PiG of ® g 2 and Y 12 := G x PiG of iyi 2 , and a lift R : Pi ^2 —^ P 12 of the 
map r X r to the total spaces of the principal U(l)-bundles of these gerbes. Explicitly, r( 7 i, 72 ) := 
( 71 ( 1 ), 7172 ), the bundles are -Pi. 2 |( 7 i, 72 ),( 7 b 7 ^)) = '^ 7 iU 7 l ® and Pi 2 \{g,^),(g'= G^U77 and 

R is multiplication. An isomorphism induced from maps (r, R) is connection-preserving with respect 
to the induced connections 1 ^ 1,2 on Pi ,2 and 1^12 on P 12 , if there exists a 1-form k G n^(Yi, 2 ) such 
that R*vi 2 + pr^K — priK = vi ^2 over yi ,2 Xg Yi, 2 . This is exactly the property of the path splitting 
k; hence Ai is connection-preserving. The condition that k is multiplicative then implies that a is 
connection-preserving. □ 

Now, we have two maps and on the bottom of the commutative diagrams of Propositions 
I5.2.3l and l5.3.31 covered along surjective maps by maps and that are inverses of each 

other according to Theorem 15.3.11 This suffices to show the last part of Theorem lAl 

Corollary 5.3.4. The maps and are inverses of each other, and establish a bijection 

\iQMultgrb°°{G) ^ hoJhs£z:t*'‘(LG). 

6 Segal-Witten reciprocity 

Let G be a Lie group and £ be a central extension of LG. Let S be a compact oriented surface 
with boundary components bi,...,bk C d£ parameterized by orientation-preserving diffeomorphisms 
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fi : ^ bi. We have induced maps : C'°°(E, G) —^ LG defined by ri{(j)) := (j) o f^. We let Cy: 

denote the Baer sum of the central extensions r*C of G°°{1^, G), 

Cy ■= r*C 0 ... (8> rlC. 

If E is obtained from two surfaces Ei and E 2 by gluing along some boundary components, and 
Pi'. C°°{Ti,G) —^ C°“(Ej,G) are the restriction maps, then we have an isomorphism 

P : C-Y ® P2^^2- 

Definition 6.1. A central extension C of LG has the smooth reciprocity property , if there exists a 
family {ss} of splittings sy of Cy for every compact oriented surface E, satisfying the gluing law 

posY= pIsyi ® P 2 SS 2 , 

whenever E is obtained from two surfaces Ei and E 2 by gluing along some boundary components. 

By splitting we mean a smooth map ss : G°“(E, G) —^ Cy such that po sy = idc“(E,G)j where 
p is the projection p : Cy —^ G°°(E, G). 

Remark 6.2. 

(i) Above definition is derived from a definition due to Brylinski and McLaughlin |BM94) and a 
gluing law from [BM96] : in these references the definition is attributed to Segal |Seg04| . 

(ii) There is a complex version of the reciprocity property, where G is a complex Lie group, E is a 
Riemann surface, and G°°{'C,G) is replaced by Hol(E,G), the holomorphic maps from E to G 
|BM96| . 

(iii) The smooth reciprocity property is a property of the underlying principal U(l)-bundle of C, i.e. 
the group structure is neglected. For the complex reciprocity property one additionally assumes 
that the sections sy are group homomorphisms. 

The Segal-Witten reciprocity law states that every transgressive central extension of the loop group 
of a complex Lie group has the complex reciprocity property. The following result is a weaker version 
adapted to the smooth reciprocity property. 

Theorem 6.3. Every transgressive central extension of the loop group of any Lie group has the smooth 
reciprocity property. 

Proof. Let {Q, p, M.,a) be a multiplicative bundle gerbe with connection over G, and let C be the 
corresponding central extension. Suppose E is a compact oriented surface, (f : E —s- G is a smooth 
map, and is a trivialization of (j)*G\bi for every boundary component bi. The surface holonomy 
71,..., Tfc) G U(l) of G with boundary conditions 7i,..., Tk is defined in the following way. Choose 
a trivialization S : 4>*G —^ 7^- For each boundary component, we have two trivializations that differ 
by a U(l)-bundle Ti with connection over bi, i.e. 5|6. =Ti®Ti Then, 

AY{cf,Tu...,Tk) -expj^y u?j •nHolT,(&0”'- 
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With boundary parameterizations fi : ^ bi we have /*7i € {r*C)^ and so (/iTi, fl'Tk) G £e| 0 . 

Now, a splitting ss : C'°°(E, G) —^ L-z is defined by 

This splitting satisfies the gluing property since surface holonomy has a more general gluing property, 
see |C.TM021 Proposition 3.1] and [Walbl Lemma 3.3.3 (c)]. □ 

Remark 6.4. 

(i) Theorem 16.31 is proved in |Bry93| Theorem 6.2.1] and [BM941 Theorem 5.9] for simply-connected 
Lie groups, and in the latter reference it is claimed that it generalizes to arbitrary Lie groups by 
a (left out) computation in simplicial Deligne cohomology. 

(ii) By Theorem]^ the transgressive central extensions are precisely the thin fusion extension. For a 
given thin fusion extension C the splitting se can be constructed directly from a choice of a fusive 
superficial connection v that integrates the given thin structure. Indeed, the surface holonomy 
Az{Ti, ■■■,Tk) can be defined directly from v and the fusion product, see [Walbl Section 5.3]. 

It is an interesting question whether or not the sections sz can be chosen multiplicative, i.e. to be group 
homomorphisms. In |BM94j it is claimed that this is possible for transgressive central extensions of 
loop groups of arbitrary Lie groups. In [Bryj on pages 2 and 21 Brylinski withdraws that statement, and 
claims that only the sections for the complex reciprocity property can be chosen multiplicative. Based 
on this claim, it is proved in [BM96] that the complex reciprocity property characterizes transgressive 
central extensions of the loop group of a connected semisimple complex Lie group. 

In the present paper we make no claims about complex Lie groups. In the following we only show 
via examples that there exist transgressive central extensions for which the sections sz cannot be 
chosen multiplicative (Example 16.61) , and that there exist central extensions that have the smooth 
reciprocity property but are not transgressive (Example 16.71) . For preparation, we need the following. 

Proposition 6.5. The splitting sz constructed in Theorem \6.3\ satisfies 

sz^{4>i 4>2) = sz[4>i) ■ Szih) ■ exp27ri y (^i, , 

where p G fl^{G x G) is the 2-form of the multiplicative gerbe. 


Proof Suppose 4'ii4’2 '■ S —^ G. We may have chosen trivializations Sj : (j)*Q —s- Then, we 

get another trivialization S defined by 




(01,02)*A1 




S\^S2 


^CL!i+a;2-((^i,02)*p- 


We further have trivializations Tij : 4>*jQ\bi —^ lo for j = 1,2 and i = l,...,fc and the difference 
bundles Sj\bi = Tij < 8 ) T^-. We consider the trivialization 7i defined by 


{(I’lhrok 


{.4>i,4>2Ym 


■ (l>iQ\bi ® (t>2^\bi 


Tii®Ti2 


and obtain 

S\bi = (<Si|bi ® 52 |bJ o (((»i,((»2)*A4“^|h, = {Til ® 7 ) 2 ) o {<l>iA2)*M~'^\bi ® Til ®T2 = Ti® Ti ®Ti2. 
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Thus, 


■■•,7fc) = exp27ri ( / wi + a;2 - ((^i, (/)2)*p j ■ HolT^i^Tis (^i) ^ 

= As(<pi,Tii, .■.,Tki) ■ As(<^i,Ti 2 , ■■■,Tk 2 ) •exp27ri -(<pi, <p 2 )*pj ■ (6.1) 


The product of f*7ii G and /* 7 i 2 G ^ri{<p 2 ) i® The claim follows by computing si;((/f)i(/) 2 ) 

using (16.11) . □ 


The meaning of the calculation of Proposition 16.51 is that 

rj : C'-(S,G) x G°°(E,G) ^ U(l) : {cj)i,cj) 2 ) ^ exp2m 

is a classifying 2-cocycle for the (topologically trivializable) central extension C^. Note that 77 is a 
coboundary if and only if Cy. has a multiplicative section. Also note that if G is abelian and 77 is a 
coboundary, then ry is symmetric. 

Example 6.6. Consider G = U(l) and the central extension C = Cp = £z(—1,0,1), i.e. the 
transgression of the trivial gerbe with multiplicative structure given by the Poincare bundle P over 
T = U(l) X U(l), see Examples 12.51 and 14.121 By Theorem 16.31 C has the smooth reciprocity 
property. Here, p = pr*0 A pr^S G H^(r). It is easy to see that we have s*p = —p, where 
s : T —s- T : {z,z') I—s- (z',z). This shows that rj is sA^ew-symmetric. But ry can only be symmetric 
and skew-symmetric if ?y = 1. In order to see that this is not the case, we note that 



Then, there must be an embedding (p : ^ T of a disc such that J (j)*p ^ h. Defining (pi, (1)2 by 

composing with the projections pr]^,pr 2 : T — ^ U(l), we get p{pi,p2) 7 ^ 0. This shows that ry is not 
symmetric, so that Lpi has no multiplicative section. Hence, £ is a transgressive central extension 
that has the smooth reciprocity property but does not admit multiplicative sections. 

Example 6.7. We let G = U(l) and £r( 7 ) be the basic central extension of £U(1) constructed 
in Example 14.121 depending on 7 G R. It is clear that £r( 7 ) has the smooth reciprocity property, 
because it is topologically trivial. On the other hand, we have seen in Example 14.121 that it cannot be 
equipped with the structure of a thin fusion extension unless 7 G Z. By Proposition 15.2.21 it is hence 
not transgressive. In other words, the smooth reciprocity property is not sufficient to characterize 
transgressive central extensions. 

The conclusion of this section is that the reciprocity property (in its original form or in the version 
of Definition OD does not properly characterize transgressive central extensions of non-complex Lie 
groups. The theory of loop fusion and thin homotopy equivariance that we have developed in this 
article provides such characterization, valid for all connected Lie groups. 


A Regression of trivial fusion bundles 

In this appendix we discuss the regression of trivial bundles with trivial fusion products (but non-trivial 
connections) over the loop space LX of a connected smooth manifold X. For this purpose, we restrict 
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the constructions of |Walbl Sections 5 and 6 ] to that case; this has not yet been worked out explicitly. 

For X G X we consider the diffeological space PxX of paths in X starting at x with sitting 
instants, equipped with the subduction evi : P^X —^ X : 7 I—^ 7 ( 1 ) (the diffeological analog of a 
surjective submersion). Two paths with the same end point compose to a loop via the smooth map 
Ux ■■ PxXV^^ LX : (71,72) 1 -^ 72 * 7 i- 

Suppose e G Lt^{LX) is a superficial connection on the trivial bundle I that is fusive with respect to 
the trivial fusion product. The regression (I^) is a bundle gerbe with connection over X, composed 
of the subduction evi : PxX —^ X, the principal iS^-bundle with connection U*Ie, and the identity 
bundle gerbe product, which is connection-preserving because e is fusive. The difficult part is to specify 
a curving: a 2-form € VL^{PxX) such that pr^i^e — WiBe = curv(uPe) = U*de. 

Such a curving can be constructed because e is superficial, see [Walbi Section 5.2]. The construction 
uses a bijection between the 2-forms on a diffeological space Y and certain smooth maps BY —^ U(l) 
on the space BY of bigons in Y. A bigon is a smooth fixed-ends homotopy S between two paths 
in Y, and the correspondence between a smooth map G : BY —^ U(l) and a 2-form B G Li^{Y) is 
established by the relation 

G{Y) =exp2TTi(^- J B^ . (A.l) 

Suppose E G BPxX is a bigon between a path 70 G PPxX and a path 71 S PPxX. Thus, it is a 
smooth map E : [0,1]^ —^ PxX such that E(0,t) = 7 o(i) and E(l,t) = 71 (t). For each t G [0,1] we 




Figure 3: The picture on the left shows a bigon E in PxX : it can be regarded 
as a bigon in X that has for each of its points a chosen path connecting x 
with that point. The picture on the right shows the three paths associated 
to a bigon E and t G [0,1]. 

extract a loop 7 E(t) G LX defined by 

7 s(t) := (E™(t) * E°(t)) U (id* E“(t)), (A.2) 

where E™(t), E°(t), and E"(t) are the three paths depicted in Figure El Thus, 72 is a path in LX 
that starts and ends at flat loops. 

Using a smoothing function </) : [0,1] —[0,1], we define a parameterized version E^ for a G [0,1] 
by := i-e. Eq is the identity bigon at the path 70 , and Ei = E. Now we consider 

h : [0,1]^ —^ LX : {a,t) I—^ By [Walbi Lemma 5.2.1] the curving B^ corresponds to the 

smooth map 

Ge : BPxX —^ U(l) : E 1—9- exp 27 ri i — [ /i*curv(Ig) 

V 

As curv(Ig) = de we want to apply Stokes’ theorem. Along the boundary of [0,1]^, the map h is as 
follows: h{0,t) = 7 o(t) U 7 o(t), h[l,t) = h{a,0) = 7 o( 0 ) U 7 o( 0 ), and h{a, 1) = 7 o(l) U 7 o(l). As 
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e is fusive, we have t>*e = 0, where b : PX — s- LX is the inclusion of flat loops, see Section IXTl Thus, 
we get 

Ge(E) = exp 27 ri 736 

The regressed bundle gerbe (le) is not the trivial bundle gerbe (that one would have the identity 
subduction idjc)- It is trivializable, but not canonically trivializable. However, a trivialization can 
be obtained from a path splitting n G Lt^{PX) of e, see Definition l4.4l The trivialization is composed 
of the principal U(l)-bundle I-^ over PxX and of the bundle isomorphism 

id : U*Ie (g) pr 2 l_K ^ pr^I-K, 

over PxX^‘^\ which is connection-preserving due to the defining property of a path splitting. There 
exists a unique 2 -form such that (1^) —^ Xp^ is a connection-preserving isomor¬ 

phism; this 2 -form is characterized by the condition ev^p^ = Be — dre. 

Lemma A.l. Suppose p £ and e := rsi(p) G n^{LX). Then, k := T[o_i](p) is a path splitting 

for e, and = ev*p -|- dn:. In particular, p^ = p. 


Proof. That /t is a path splitting for e has been checked in Example 14.51 Let E be a bigon in PxX 
between a path 70 and a path 71 . We have 


Ge(E) = exp27ri y = exp27ri ^J ^ h*^pj 

with hj^ : [0,1] x ^ X defined by h.y^(t,z) := 'ys:{t){z). We obtain from the definition (jA.2|) of 
It.'- 




7o(t)(4z) if 0 < z < i 

evi(S(4z - l){t)) if 7 < z < i 

7i(t)(3-4z) ifi<2<| 

X if I < < 1 


Splitting the domain of integration into those four parts and taking care with the involved orientations 
yields 


exp 27ri / 

\d[0,l]xSi 

Finally, Stokes’ theorem gives 

All together, we obtain 


h*p] =exp27ri - / ev^p-l- / k- 


'70 •'71 


dK = — K+ K. 

' E 7o *^71 


GeiX.) = exp 27ri J (ev*p -|- d^)^ . 
Using (lA.ll) . we get the claimed equality. 


□ 
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As regression is a monoidal functor, we want to make sure that the trivialization 7 ^ is compatible 
with that monoidal structure. 

Lemma A.2. Suppose ei, £2 are superficial connections on the trivial bundle I over LX, and fusive with 
respect to the trivial fusion product. Suppose ki and K 2 are path splittings for ei and £ 2 , respectively. 
Then, we have Pki+k 2 = Pki + Pk. 2 i and there exists a connection-preserving transformation 


(L,) ® (I,,) 0. 

Proof. The isomorphism (Ig J ® that implements that is monoidal 

is induced from the connection-preserving, fusion-preserving isomorphism id: lei+e 2 —^ lei ® Ie 2 - hr 
particular, we have Bgj +£2 =i?gj-|-i 3 £ 2 . We calculate evJ(pKi+PK 2 ) = — dKi-|-i?ej — d^i =i?ej+e 2 -|- 

d(Ki -I- K2); this shows that Pki+k2 = Pki + Pk2- The announced connection-preserving transformation 
is now simply induced by the connection-preserving isomorphism id : I_(„j+k 2 ) —^ I-ki ® I-k 2 - D 

The next two propositions describe the relation between the trivialization 7^ of the regressed bundle 
gerbe (Ig), the canonical trivialization tp of <5^, and the two natural equivalences 

A . o .iX ^ and (p . ^ o ^ 

that establish that the functors and form an equivalence of categories |Walbl Theorem A]. 

Proposition A.3. Suppose p G fl^(X). Let tp : ^ Ig be the canonical trivialization, with 

£ = Tsi{p) G fl^{LX). Let Axp : ^ Tp be the component of the natural equivalence A at 

Ip. Let K := r[op] (p) be the canonical path splitting ofe and let 7^ : (Ig) —^ Ip be the corresponding 

trivialization. Then, there exists a connection-preserving transformation 

Axp = Tk {tp). 

Proof. The isomorphism (tp) : ^ .^J(Ig) is induced from the bundle isomorphism 

U*tp : ^ Iu*e over PxX^'^\ The composition Tk. o (tp) is thus given by the S'^-bundle 1-k 

and the isomorphism 



® prP-„ — y . U*Ig (g) prp_^- - —^ pr*I_,^. (A.3) 

Next we describe the connection-preserving isomorphism Axp following [Walbl Section 6.1]. It con¬ 
sists of an iS'^-bundle Q over PxX with connection, and of a connection-preserving bundle isomorphism 
a : U*.^y ® ^ P^iQ over 

The fibre of Q over 7 G PxX consists of triples {T,tQ,t), where T : 7*7p —^ Iq is a trivialization 
(in turn consisting of an S'^-bundle T with connection over [0,1] and of a connection-preserving bundle 
isomorphism which here is necessarily the identity r = idr), to G To and t gT. Two triples {T,to,t) 
and {T',tQ,t') are identified if there exists a connection-preserving transformation p : T => T' such 
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that ifiito) = I'q and ip{t) = t' . The ^^-action on 5 ”^ is {T,to,t) ■ z := (T,to,t ■ z). In our situation, 
Q has a canonical section s : PxX —^ Q : (7, z) 1—9- (idjo, 1 , 1 ), using that 7*Ip = = Iq. The 

bundle isomorphism a is over a point (71,72) G a map 

a . t 5 xpl 7 iU 72 ®Q '12 ^ Q71J 

and it is characterized by a(tp(7i U 72) <815(72)) = s(7i)- The connection on Q is defined via its parallel 
transport. Using the section s: PxX —^ Q, it suffices to define a 1 -form on PxX, and we do this by 
defining a smooth map F : PPxX —^ S^. This map is given by 

Fh) = [ 

where : [ 0 , 1 ]^ —^ X is defined by hj{s,t) = 7(s)(t). However, this map characterizes precisely 
the parallel transport of the 1-form —k = —T[o7](/o) G V,^{PxX). 

Summarizing, s defines a connection-preserving transformation between Ai^ and the the triviali- 
zation consisting of the trivial bundle !_« and of the isomorphism (IA. 3 I) . □ 

Proposition A. 4. Suppose e G n^{LX) is a superficial connection on the trivial \J(l)-bundle over 
LX, and fusive with respect to the trivial fusion product. Let ipi^ : ^ le be the component 

of the natural equivalence ip at I^. Let k G n^{PX) be a contractible path splitting for e, and let 
7)c : {Ifj —^ Xp„ be the corresponding trivialization. Let tp^ : — 9 - be the canonical 

trivialization with = rsi(pK)- Then, 

‘Pi, = tp^ o ^7^; (A. 4 ) 

in particular, £«, = e. 


Proof. Note that (IA.4I) is an equality between two connection-preserving bundle isomorphisms going 
from ) to Ig and Ig^, respectively. This implies e = e„. For /3 G LG a loop, 15*%, is a trivialization 

of (3*5%'^ (Ig), and thus an element of ) over j3. We have 

^r!(rT.) = n o = idi,.^^, 

considered as an element of . Under the canonical trivialization tp ^, this element is equal to 
(^,1) G LA X U(l). 

On the other hand, we compute the element p := Pi,{P*Tk) G Ig following the definition of p 
given in |Walbl Section 6.2]. We have to consider the space Z := 5^ pXg^iPxX as the subduction of 
/3*.^J(Ig) and over Z the bundle !_«, pulled back along the projection Z —^ PxX. Over Z X 51 Z 
the trivialization I3*%k, has the identity morphism 


id : U*Ig 8 prP-K ^ pr]T-«;, 

also pulled back along Z x 51 Z —^ PxX^‘^\ We represent the loop ,8 by a path 7 G PxX with 
7 ( 1 ) = f){0) and paths jk G PX with 7 fc( 0 ) = /3(0) and 7 fc(l) = P{^), related via a thin homotopy 
h : (71 * 7 ) U (72 * 7 ) —^ /3. In Z we consider the retracting paths ai with ai(0) = ( 0 ,id* 7 ) and 
ai(l) = (^, 7 i * 7 ). Then, the prescription is 


p = (/3, exp 27ri I — f pr*K j) = (/3, exp 27ri | f pr*K— ( pr^Atj). 

\ / \Joci J 0.2 / 


Since the paths are retractions and the path splitting k is contractible, both integrals vanish 
separately. Thus, we have p = (/3,1); this yields the claimed equality. □ 


34 








Table of terminology 


Fusion product 
— multiplicative 


A . ® /1^2U73 ■^7iU73 

A is a group homomorphism 


Thin homotopy equivariant structure 


— multiplicative 

— compatible 

— symmetrizing 

— fusive 


di-o.Ti : ^ro —^ for thin homotopic loops ro,Ti 

d is a group homomorphism 
d is connection-preserving 

rotation by an angle of tt switches factors under fusion 
compatible and symmetrizing 


Bundle morphism 

— fusion-preserving 

— thin 


ip: C 

ip{X{p (g) q)) = \'{ip{p) ® (fig)) 
V’{dro,rAp)) = dro,r,MP)) 


Connection 

— thin 

— snperficial 

— compatible 

— symmetrizing 

— fusive 


induces a thin homotopy equivariant structure 
thin and its holonomy is thin homotopy invariant 
fusion product is connection-preserving 

induced thin homotopy equivariant structure is symmetrizing 
compatible and symmetrizing 


Path splitting of e G VL^{LG x LG) 

K G Ll^{PG X PG) with £ 71072 , 7107 ^ = ^ 71 , 7 l ~ ^ 72 . 7 l 

— multiplicative + ^ 71,71 

— contractible k = 0 , where is the contraction of a path 7 


Thin structure 

— fusive 

— multiplicative 


thin homotopy equivariant structure induced by a superficial 
connection 

an inducing connection is fusive 

the error 1 -form of an inducing connection admits a multipli¬ 
cative and contractible path splitting 


— fusive and multiplicative there is an inducing connection with both of above properties 


Central extension of LG 

— thin fusion equipped with a multiplicative fusion product and a fusive 

and multiplicative thin structure 


Pagein 

Pagein 

Pagein 

Pagein 

Pagein 

Pagein 

Pagein 

Pagein 

Pagein 

PageHn 

Pageim 

PageHn 

PageHn 

PageHn 

PageHn 

PageHn 

Pageim 

PageHn 

Pageim 

Pageim 

Pageim 
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